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In this note, we explain the recent progress in the theory of analytic torsion for
Calabi-Yau threefolds [12], [24], [25]. This note is based on the survey [23], and
most of the statements in this note are included in [23], except those in Section 6.
For this reason, we write th\’is note in Japanese. The results in Sections 2 and 4 are
based on the joint work [12] with Hao Fang and Zhiqin Lu.
, 3 Calabi-Yau
$X$ $F_{1}(X)$ . , [4]
[12] , $F_{1}(X)$ Bott-Chern
$F_{1}(X)$ . ( 2 ) $F_{1}(X)$ $\tau_{\mathrm{B}}\mathrm{c}\mathrm{o}\mathrm{v}(X)$
, X BCOV . , BCOV Calabi-Yau
.
[3], [4] , Bershadsky-Cecotti- -Vafa
$\tau_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}}$ 5 . $\mathrm{P}^{4}$ – 5
Gromov-Witten $\tau_{\mathrm{B}}\mathrm{c}\mathrm{o}\mathrm{v}$
. ( 3 ) [12] , $\tau_{\mathrm{B}}\mathrm{c}\mathrm{o}\mathrm{v}$ 5
. , BCOV
. ( 4. )
, Borcea [8] Voisin [20] 3 Calabi-Yau
, Harvey-Moore Ccov . [15]
, Harvey-Moore Borcea-Voisin Calabi-Yau , $7\mathrm{B}\mathrm{c}\mathrm{o}\mathrm{v}$
– Kac-Moody .
[24] , Harvey-Moore . ( 5
) , $\tau_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}}$ , Del
Pezzo . ( 6 )
, BCOV Harvey-Moore [12],
[24], [25] – . 2 5 , [23]
.
2. Calabi-Yau BCOV
$\overline{X}=(X,g)$ K\"ahler , $\gamma$ K\"ahler . $X$
($p$ , q)- $\overline{X}$ $\coprod_{p,q}$ , $\coprod_{p,q}$
$\zeta_{p,q}(s)$ . Ray-Singer [19], Bismut-Gillet-Soul\’e [6], Bershadsky-Cecotti-
Ooguri-Vafa $\mathrm{r}.4$] , :
1487 2006 167-174 167
– (KEN-ICHI YOSHIKAWA)
2.1. $\overline{X}$ BCOV :
$\tau_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}(\overline{X}):=\exp[-\sum_{p,q\geq 0}(-1)^{p+q}pq\zeta_{p,q}’(0)]}$
.
$n$ K\"ahler , Calabi-
Yau :
(1) $K_{X}\cong O_{X}$ , (2) $H^{q}(X, O_{X})=0$ $(0<q<n)$ .
, $X$ $K_{X}$ . $X$ $n$ Calabi-Yau .
$\mathrm{V}\mathrm{o}\mathrm{l}(\overline{X})$
$\overline{X}$ . , $c_{i}(\overline{X})$ $(TX, g)$ i Chern
. $\chi(X)=\int_{X}c_{n}(\overline{X})$ $X$ Euler . $\eta$ $X$
$n$- . $\eta$ $L^{2}$ $||\eta||_{L^{2}}^{2}$ . :
$A( \overline{X}):=\mathrm{V}\mathrm{o}\mathrm{l}(\overline{X})^{*^{X}}\exp[-\int_{X}\log(\frac{(\sqrt{-1})^{n^{2}}\eta\wedge\overline{\eta}}{\gamma^{n}/n!}\cdot\frac{\mathrm{V}\mathrm{o}1(\overline{X})}{||\eta||_{L^{2}}^{2}})\frac{c_{n}(\overline{X})}{12}]$ .
Hodge , $X$ K\"ahler $[\gamma]$ $H^{2}(X, \mathrm{R})$ L2-
. $H^{2}(X, \mathrm{R})$ , Euclid . $H^{2}(X, \mathrm{Z})_{\mathrm{f}\mathrm{r}}$ $:=$
$H^{2}(X, \mathrm{Z})/\mathrm{T}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ , $\mathrm{V}\mathrm{o}1_{L^{2}}(\overline{H^{2}(X,\mathrm{Z})})$ $H^{2}(X, \mathrm{R})/H^{2}(X, \mathrm{Z})_{\mathrm{f}\mathrm{r}}$
.
’ 2.2. $\dim X=3$ , $X$ BCOV :
$\tau_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}}(X):=\frac{A(\overline{X})\mathcal{T}_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}}(\overline{X})}{\mathrm{V}\mathrm{o}\mathrm{l}(\overline{X})^{3}\mathrm{V}\mathrm{o}1_{L^{2}}(\overline{H^{2}(X,\mathrm{Z})})}$ .
Quillen [6] , (cf. [12]):
2.3. $\dim X=3$ , $\tau \mathrm{B}\mathrm{c}\mathrm{o}\mathrm{v}(X)$ $X$ Kihler . ,
cov(X) $X$ .
$g$ Ricci , $A(\overline{X})=\mathrm{V}\mathrm{o}\mathrm{l}(\overline{X})^{\oplus^{X}}$ , oecov $(X)$ $\mathrm{V}\mathrm{o}\mathrm{l}(\overline{X})$
$\mathrm{V}\mathrm{o}1_{L^{2}}(\overline{H^{2}(X,\mathrm{Z})})$ –X BCOV – . K\"ahler
, 3 Calabi-Yau , $\tau_{\mathrm{B}}\mathrm{c}\mathrm{o}\mathrm{v}(\overline{X})$
$X$ Ricci K\"ahler BCOV .
3 Calabi-Yau $X,$ $X’$ , $h^{p,q}(X)=h^{p,q}(X$ ‘ $)$ , $p,$ $q\geq 0$
. .












, $\psi$ $\mathrm{P}^{1}$ . $\psi\in \mathrm{P}^{1}$ , $X_{\psi}:=p^{-1}(\psi)$ .
$\psi^{6}\neq 1,$ $\infty$ , $X\psi$ 3 Calabi-Yau . $\Omega_{\psi}$
$X_{\psi}$ 3- :
$\Omega_{\psi}:=(\frac{2\pi i}{5})^{-3}5\psi\frac{dz_{0}\wedge dz_{1}\wedge dz_{2}}{\partial F_{\psi}(z)/\partial z_{3}}$.
$|\psi|\gg 1$ , $y0(\psi)$ :
$y_{0}( \psi):=\sum_{n=1}^{\infty}\frac{(5n)!}{(n!)^{5}(5\psi)^{5n}}$ .
$T\mathrm{P}^{1}$ :
$\kappa_{B}(\frac{d}{d\psi},\frac{d}{d\psi},$ $\frac{d}{d\psi}):=\int_{X\psi}\frac{\Omega_{\psi}}{y_{0}(\psi)}\wedge\frac{\partial^{3}}{\partial\psi^{3}}(\frac{\Omega_{\psi}}{y_{0}(\psi)})=(\frac{2\pi i}{5})^{3}\frac{5\psi^{2}}{1-\psi^{5}}\cdot\frac{1}{y_{0}(\psi)^{2}}$ .
. $t\in$ , $q:=e^{2\pi it}$
. $N_{g}(d)$ , $\mathrm{P}^{4}$ – 5 $g$ $d$ Gromov-Witten
. :
$\kappa_{A}(\frac{d}{dt},$ $\frac{d}{dt},$ $\frac{d}{dt}):=5+\sum_{d=1}^{\infty}N_{0}(d)\frac{d^{3}q^{d}}{1-q^{d}}$.
, $\psi^{5}$ $q$ – :
(3.1) $q:=(5 \psi)^{-5}\exp(\frac{5}{y_{0}(\psi)}\sum_{n=1}^{\infty}\frac{(5n)!}{(n!)^{5}}\{\sum_{j=n+1}^{5n}\frac{1}{j}\}\frac{1}{(5\psi)^{5n}})$ .
Candelas-de la $\mathrm{O}\mathrm{s}\mathrm{s}\mathrm{a}-\mathrm{G}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}-\mathrm{P}\mathrm{a}\mathrm{r}\mathrm{k}\mathrm{e}\mathrm{s}[11]$ , Givental [13],
$\mathrm{L}\mathrm{i}\mathrm{a}\mathrm{n}-\mathrm{L}\mathrm{i}\mathrm{u}-\mathrm{Y}\mathrm{a}\mathrm{u}[17]$ :
3.1. – (3.1) , :
$( \frac{d}{dt}$ $\frac{d}{dt}$ $\frac{d}{dt})=(2\pi iq\frac{d\psi}{dq})^{3}\kappa_{B}(\frac{d}{d\psi’}\frac{d}{d\psi}$ $\frac{d}{d\psi})$ .
Bershadsky-Cecotti- -Vafa , Candelas-de la Ossa-Green-
Parkes Gromov-Witten $\{N_{1}(d)\}_{d>1}$ .
$\mathrm{Z}_{5}=\{\zeta\in \mathrm{C};\zeta^{5}=1\}$ 5 , $\mathcal{X}$ $G$ :
$G:=\{[\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a_{0}, a_{1}, a_{2}, a_{3}, a_{4})]\in PSL(\mathrm{C}^{5});a_{i}\in \mathrm{Z}_{5}\}$ .
$G$ $\mathcal{X}$ , Calabi-Yau $X\psi/G$
$p:\mathcal{X}/Garrow \mathrm{P}^{1}$ . $D^{*}=\mathrm{Z}_{5}\subset \mathrm{C}$ , $\prime D:=D^{*}\cup\{\infty\}$ .
3.2. $f:\mathcal{W}arrow \mathcal{X}/G$ $\mathcal{X}/G$ , $\pi:=p\circ f$ . (1),
(2) , $\pi:\mathcal{W}arrow \mathrm{P}^{1}$ 5 :
(1) $\psi\in \mathrm{P}^{1}\backslash D$ , $f$ $f_{\psi}$ : $W_{\psi}=$
$\pi^{-1}(\psi)arrow X\psi/G$ , $K_{W\psi}\cong O_{W_{\psi}}$ .
(2) $\psi\in D^{*}$ , $W_{\psi}$ Sing $W_{\psi}$ – .
[18] , 5 . ( , –




– ( $\mathrm{K}\mathrm{E}\mathrm{N}arrow \mathrm{I}\mathrm{C}\mathrm{H}\mathrm{I}$ YOSHIKAWA)
. $K_{W/\mathrm{P}^{1}}$.
$\pi:\mathcal{W}arrow \mathrm{P}^{1}$ . 31 ,
$\pi_{*}K_{\mathcal{W}/\mathrm{P}^{1}}$
$T\mathrm{P}^{1}$ , $\psi=\infty$
$—\psi/y0(\psi)$ , $d/dt=2\pi iq(d/dq)=2\pi iq(d\psi/dq)(d/d\psi)$
. $\eta(\sim q)$ :
$\ovalbox{\tt\small REJECT}(q)$ $:= \prod_{n=1}^{\infty}(1-q^{n})$ .
[3], [4] , $\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{d}\mathrm{s}\mathrm{k}\mathrm{y}-\mathrm{C}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{t}\mathrm{t}\mathrm{i}$ -Ooguri-Vafa :
33. (3.1) – , ,
$\psi=\infty$ :
Bcov $(W_{\psi})=|| \{q^{*}1\prod_{d=1}^{\infty}\overline{\eta}(q^{d})^{N_{1}(d)}(1-q^{d})^{-*^{d)}}N1\}^{2}(\frac{---\psi}{y0(\psi)})^{\mathfrak{B}_{3}}\otimes q\frac{d}{dq}||^{2}$ .
, $\pi_{*}K_{W/\mathrm{P}^{1}}$ $L^{2}$- , $T\mathrm{P}^{1}$ Weil-Petersson .
33 2 A $\mathrm{B}$ . (3.1)
– , 2 $F_{1,B}^{\mathrm{t}\mathrm{o}\mathrm{p}}(\psi)$ $F_{1,A}^{\mathrm{t}\mathrm{o}\mathrm{p}}(q)$ :
$F_{1,B}^{\mathrm{t}\mathrm{o}\mathrm{p}}( \psi):=(\frac{\psi}{y\mathrm{o}(\psi)})^{\ovalbox{\tt\small REJECT}}(\psi^{5}-1)^{-\S}q\frac{d\psi}{dq}$, $F_{1,A}^{\mathrm{t}\mathrm{o}\mathrm{p}}(q):=F_{1,B}^{\mathrm{t}\mathrm{o}\mathrm{p}}(\psi(q))$.
3.4. (A) :
$q \frac{d}{dq}\log F_{1,A}^{\mathrm{t}\mathrm{o}\mathrm{p}}(q)=\frac{50}{12}-\sum_{n,d=1}^{\infty}N_{1}(d)\frac{2ndq^{nd}}{1-q^{nd}}-\sum_{d=1}^{\infty}N_{0}(d)\frac{2dq^{d}}{12(1-q^{d})}$ .
(B) , $\psi=\infty$ :
$\tau_{\mathrm{B}\mathrm{C}\mathrm{O}}\mathrm{v}(W\psi)=||\frac{1}{F_{1,B}^{\mathrm{t}\mathrm{o}\mathrm{p}}(\psi)}(\frac{---\psi}{y\mathrm{o}(\psi)})^{62}\tau\otimes q\frac{d}{dq}||^{2}$.
(B) [12] . , 33 ,
(A) . (A) , [16] .
4. BCOV
$\mathcal{Y}$ 4 , $\pi:\mathcal{Y}arrow \mathrm{P}^{1}$
. $\mathrm{Y}_{\psi}:=\pi^{-1}(\psi)$ . $D:=$ { $\psi\in \mathrm{P}^{1}$ ; Sing $Y\psi\neq\emptyset$ }
, $D^{*}:=$ { $\psi\in D$;Sing $\mathrm{Y}_{\psi}$ – }
.
4 (i), (ii), (iii) :
(i) $D^{*}$ $\mathrm{P}^{1}$ , $D\backslash D^{*}=\{\infty\}$ .
(ii) $\psi\in \mathrm{P}^{1}\backslash D$ , $\mathrm{Y}_{\psi}$ $h^{2}(\Omega_{Y\psi}^{1})=1$ 3 Calabi-Yau .
(iii) $\psi\in D^{*}$ , $Y_{\psi}$ $h^{2}(\Omega_{Y_{\psi}}^{1})=1$ 3 Calabi-Yau .
$\psi\in \mathrm{P}^{1}\backslash \{\infty\}$ , $(\mathrm{D}\mathrm{e}\mathrm{f}(Y_{\psi}), [\mathrm{Y}_{\psi}])$ $Y\psi$ .
, $\mu\psi$ : $(\mathrm{P}^{1}, \psi)arrow(\mathrm{D}\mathrm{e}\mathrm{f}(\mathrm{Y}_{\psi}), [Y_{\psi}])$ ,




. (i) , $\mu\psi$ . (ii) , $(\mathrm{D}\mathrm{e}\mathrm{f}(Y\psi), [Y_{\psi}])\cong(\mathrm{C}, 0)$
. $r(\psi)\in \mathrm{z}_{\geq 1}$ $\mu\psi$ $\psi$ . $\{D_{k}\}_{k\in K}$
$\{R_{j}\}_{j\in j}$ , $D^{*}=\{D_{k}\}_{k\in K}$ $\{\psi\in \mathrm{P}^{1}\backslash \{\infty\};r(\psi)>1\}=\{R_{j}\}_{j\in J}$ .
$—$ $\mathrm{P}^{1}$ $\pi_{*}K_{\mathcal{Y}/\mathrm{P}^{1}}$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}(_{-}^{-}-)$
$= \sum_{i\in I}m_{i}P_{i}+m_{\infty}P_{\infty}$
. , $i\in I$ $P_{i}\neq P_{\infty}$ . $P_{i},$ $R_{j},$ $D_{k}$
$\psi(P_{i})$ , $\psi(R_{j}),$ $\psi(D_{k})$ – . $\chi$ – $Y\psi$ Euler .
41. $\mathrm{P}^{1}$ , :
$7 \mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}(Y\psi)=||\prod_{i\in I,j\in J,k\in K}\frac{(\psi-D_{k})^{-\frac{(D}{6}\underline{)}}f}{(\psi-P_{i})^{(48+x)\underline{m}}\neg 2(\psi-R_{j})^{r(R_{\mathrm{j}})-1}}.---\psi^{\iota}\otimes\frac{d}{d\psi}|48+|^{2}$.
[12], [22] . , Quillen [5], [6], [7]
. 41 5 $\pi:\mathcal{W}arrow \mathrm{P}^{1}$ ,
[12].
42. $(B)$ . , $\mathrm{P}^{1}$ :
$7\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}(W_{\psi})=\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ . $|| \psi^{-_{3}^{\underline{6}2}}(\psi^{5}-1)\not\in(---\psi)\neq 6\otimes,\frac{d}{d\psi}||^{2}$ .
5. BCOV Borcherds
$S$ $K3$ , 2 Calabi-Yau $(3, 19)$
$\mathrm{L}_{K3}$ . $H^{2}(S, \mathrm{Z})$
, $\mathrm{L}_{K3}$ . 5 , $S$ $\theta:Sarrow S$ $H^{0}(S, K_{S})$
. , $\theta^{*}=-1$ $H^{0}(S, K_{S})$
, $S$ $K3$ . $T$ . $T$
$-1_{T}$ : $Tarrow T$ , $-1_{T}(x)=-X$ . , $S\mathrm{x}T$ (
$\theta$ ,-1T ,
$H^{0}(S\cross T, K_{S\cross T})$ 2 Z2 , i.e., Z2: $=\mathrm{Z}/2\mathrm{Z}$ .
$\mathrm{Z}_{2}$ 9, $-1_{T},$ $(\theta, -1_{T})$ – , Z2 s $S,$ $T$ ,
$S\cross T$ . , [21] .
, Borcea [8] Voisin [20] Calabi-Yau :
5.1. $K3$ $(S, \theta)$ $T$ , $S\mathrm{x}T/\mathrm{Z}_{2}$
Sing $(S\cross T/\mathrm{Z}_{2})$ 3 Calabi-Yau
$X_{(S,\theta,T)}$ .
$\pi_{1}$ : $X_{(S,\theta,T)}arrow S/\mathrm{Z}_{2}$ $\pi_{2}$ : $X_{(S,\theta,T)}arrow\tau/$.Z2 , $\mathrm{p}\mathrm{r}_{1}$ : $S\mathrm{x}Tarrow S$ ,
$\mathrm{p}\mathrm{r}_{2}$ : $S\mathrm{x}Tarrow T$ . 3 $(X_{(S,\theta,T)}, \pi_{1}, \pi_{2})$ $(S, \theta, T)$
Borcea-Voisin . 2 Borcea-Voisin $(X_{(S,\theta,T)}, \pi_{1}, \pi_{2})$
$(X_{(S_{)}’\theta’,T’)}, \pi_{1}’, \pi_{2}’)$ ,
$f:X_{(S,\theta,T)}arrow X_{(S’,\theta’,T’)}$ , $g:S/\mathrm{Z}_{2}arrow S’/\mathrm{Z}_{2}$ , $h:T/\mathrm{Z}_{2}arrow T’/\mathrm{Z}_{2}$
, :
$\pi_{1}’\circ f=g\circ\pi_{1}$ , $\pi_{2}’\circ f=h\circ\pi_{2}$ .
5.2. A $\mathrm{L}_{K3}$ $r(\Lambda)$ 2-elementary , $(2, r(\Lambda)-2)$
. Borcea-Voisin $(X_{(S,\theta,T)}, \pi_{1}, \pi_{2})$ A ,
$H_{-}^{2}(S, \mathrm{Z}):=\{l\in H^{2}(S, \mathrm{Z});\theta^{*}l=-l\}\cong \mathrm{A}$ .
171
– (KEN-ICHI YOSHIKAWA)
$X_{(S,\theta,T)}$ A Borcea-Voisin , $(S, \theta)$ [21] $\Lambda^{\perp}$ 2-
elementaryK3 . $\Lambda^{\perp}$ $2$-elementaryK3
:
$\Omega_{\Lambda}:=\{[\eta]\in \mathrm{P}(\Lambda\otimes \mathrm{C});\langle\eta, \eta\rangle_{\Lambda}=0, \langle\eta,\overline{\eta}\rangle_{\Lambda}>0\}$ .
$\Omega_{\Lambda}$ 2 $\Omega_{\Lambda}^{+},$ $\Omega_{\Lambda}^{-}$ . $D_{IV,n}$ $n$ IV X‘f
, $D_{IV,n}\cong\Omega_{\Lambda}^{\pm}$ . A $O(\Lambda)$ , $O(\Lambda)$
$\Omega_{\Lambda}$ . $\Omega_{\Lambda}^{\pm}$ $O(\Lambda)$ $O^{+}(\Lambda)$ , $O^{+}(\Lambda)$
$O(\Lambda)$ 2 . [21]:
5.3. A $Borcea-Vois\mathrm{i}n$ ,
Za ski :
$(O^{+}(\Lambda)\backslash D_{IV,r(\Lambda)-2})\cross(SL_{2}(\mathrm{Z})\backslash \ovalbox{\tt\small REJECT})$ .
$1_{m}$ $m\cross m$- , $\mathrm{I}\mathrm{I}_{1,m}(2):=2(_{0}^{1} -1_{m}0)$ . $\mathrm{I}\mathrm{I}_{1,m}(2)$
– . $1\leq m\leq 9$ ,
$\mathrm{T}_{m}$ $:=\oplus \mathrm{I}\mathrm{I}_{1,m-1}(2)$
, $(2, m)$ , $m+2$ – . $C_{\mathrm{I}_{1,m-1}(2)}$
$\mathrm{I}\mathrm{I}_{1,m-1}(2)\otimes \mathrm{R}$ ,
$\Omega_{\mathrm{T}_{m}}\cong \mathrm{I}\mathrm{I}_{1,m-1}(2)\otimes \mathrm{R}+iC_{\mathrm{I}_{1,m-1}(2)}$
, $\Omega_{\Gamma_{m}}P$ . $c_{\mathfrak{g}_{1,m-1(2)}}$ Weyl , Weyl
$\rho_{m}:=\frac{1}{2}(3, -1, \cdots, -1)\in \mathrm{I}\mathrm{I}_{1,m-1}(2)^{\vee}$
$W_{m}$ . , $\mathrm{I}\mathrm{I}_{1,m-1}(2)^{\vee}\subset \mathrm{I}\mathrm{I}_{1,m-1}(2)\otimes \mathrm{Q}$ $\mathrm{I}\mathrm{I}_{1,m-1}(2)$
. $\rho_{m}$ 6 .
$D_{IV,m}$
$\Psi$ , Petersson $||\Psi||$ .
[24], [25]:
54. $m$ $3\leq m\leq 9$ . $D_{IV,m}$ $O^{+}(T_{m})$
$14-m$ $\Phi_{m}$ , :
(1) $\mathrm{T}_{m}$ Borcea-Voisin $(X_{(S,T)}, \pi_{1}, \pi_{2})$ ,
(5.1) $\mathcal{T}_{\mathrm{B}\mathrm{C}\mathrm{O}\mathrm{V}(X_{(S,\theta,T)})}=||\Phi_{m}(\varpi(S, \theta))||^{2}||\Delta(\varpi(T))||^{2}$ .
, $\varpi(S, \theta)\in O^{+}(\mathrm{T}_{m})\backslash D_{IV,m}$ $\varpi(T)\in SL_{2}$ (Z)\ $(S, \theta)$ $T$
, $\Delta(\tau)$ Jacobi \Delta - .
(2) , $\Phi_{m}$ – $Kac$-Moody .
(3) $z\in \mathrm{I}\mathrm{I}_{1,m-1}(2)\otimes \mathrm{R}+iW_{m}$ ,
:
(5.2) $\Phi_{m}(z)=e^{2\pi i\rho_{m}\cdot z}\prod_{\delta\in\{0,1\}\mathrm{r}\in(\delta\rho_{m}+\mathrm{I}_{1}},\prod_{n-1(2))\cap W_{m}^{\vee}}(1-e^{2\pi i\mathrm{r}\cdot z})^{\mathrm{c}}\text{ ^{})}(\mathrm{r}\cdot \mathrm{r}/2)$ .







, $\eta(\tau)$ Dedekind $\eta$ - , $\mathit{9}_{\mathrm{A}_{1}+\mathit{5}/2}(\tau):=\sum_{m\in \mathrm{Z}+\delta/2}q^{m^{2}}$ .
5.5. 5.4 Harvey-Moore [15, Sec. 7]
. $\Lambda=\oplus \mathrm{I}\mathrm{I}_{1,9}(2)$ , A Borcea-Voisin ,
(5.1) . , $\Phi_{m}$ Borcherds
$\Phi$- [9] . [12], [15], [21] .
6. $\Phi_{m}$ Del Pezzo
, (5.2) Del Pezzo
. , – .
.
, Del Pezzo Del
Pezzo $\mathrm{P}^{2}$ 8 , $\mathrm{P}^{1}\mathrm{x}\mathrm{P}^{1}$ .
Del Pezzo , . Del Pezzo
, 1 9 .
$V$ $\deg V$ Del Pezzo , $\mathcal{K}_{V}\subset H^{2}(V, \mathrm{R})$ KAler .
$\langle\cdot, \cdot\rangle$ $H^{2}(V, \mathrm{Z})$ .
6.1. $Del$ Pezzo $V$ , $V$ K\"ahler $H^{2}(V, \mathrm{R})+i\mathcal{K}v$
:
(5.4)
$\Phi_{V}(z)$ $:=.e^{\pi i(c_{1}(V),z)} \prod$ $\prod$
$(1-e^{\pi\dot{f}\langle c_{1}(L),z\rangle})^{c_{\mathrm{d}\mathrm{o}\mathrm{g}V}^{(\delta)}(c\iota(L)^{2}/4)}$ .
$\delta\in \mathrm{Z}_{2}L\in \mathrm{E}\mathrm{f}\mathrm{f}(V)$ , ci $(L)\equiv\delta c_{1}(V)$ (mod 2)
) Eff(V) $V$ . ,
:
(1) $z$ , $\Phi_{V}(z)$ .
(2) $\Phi_{V}(z)$ $Del$ Pezzo
$H(V, \mathrm{Z}):=H^{0}(V, \mathrm{Z})\oplus H^{2}(V, \mathrm{Z})\oplus H^{4}(V, \mathrm{Z})$
IV $\Omega_{H(V,\mathrm{Z}\rangle}$ $O^{+}(H(V, \mathrm{Z}))$ $\deg V+4$
, $\Phi_{V}(z)$ , $H(V, \mathrm{Z})$ 1 $\Omega_{H(v,\mathrm{z})}$
.
(3) $\Phi_{V}(z)=\Phi_{10-\deg V}(z/2)$ .
6.1 [25] 6.1 , (5.1) , Borcherds [10,
Example 15.2] , $K3$ Del Pezzo
. , Del Pezzo $V$ ,
$\Omega_{H(V,\mathrm{Z})}/O^{+}(H(V, \mathrm{Z}))$
( Zariski ) ? $V$
$K3$ , $K3$ $\sigma$
[1, Th. 6] . [2] .
(5.4) , (5.3) Del Pezzo
. (5.3)
? A 55 , (5.3)
$E_{8}\cross E_{8}$ $K3$ ( – )
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